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Composite membranes with a porous support layer and a dense skin layer have been extensively used in gas separation
processes. A new approach, a mesoscale Lattice Boltzmann Simulation approach, is proposed and used to model the
pore-scale gas flow and mass transfer in the inhomogeneous membrane matrixes studied. Only physical forces are con-
sidered. Chemical forces are equivalently converted to physical forces through the relaxation time. Selective permeation
of moisture through a composite membrane is modeled. The overall permeability is evaluated. It is found that mass
transfer inhomogeneity exists not only in the porous media but also in the seemingly uniform dense skin layer. Increas-
ing the diffusivity in the skin layer is more effective than decreasing the skin layer thickness in optimizing the overall
membrane performance. The new approach gives more detailed insights into the directions for future design of compos-
ite membranes for gas separations like air dehumidification. © 2014 American Institute of Chemical Engineers AIChE
J, 60: 3925-3938, 2014
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Introduction

Gas separation represents a major task in energy and
chemical engineering. Such processes like H,/CO, separa-
tion, N,/O, separation, air dehumidification/humidification,
gas diffusion layer, and so forth, have tremendous applica-
tions in energy and chemical production processes. Among
the various technologies, composite membranes are widely
used to fulfill these objec‘[ives.l_5 The benefits with these
membranes are that they combine high permeability with
high selectivity. The structure of a typical composite mem-
brane is shown in Figure 1. As seen, it is composed of two
layers, one thick support layer and one thin skin layer. The
support layer, usually about 100 pm in thickness, is highly
porous, which only provides mechanical strength for the skin
layer. An amplified view of this part is shown in Figure 1b.
The skin layer, always several microns in thickness, is dense
and functionalized, which provides the selectivity for the
membrane. The desired gas, for instance the moisture in air,
is permitted to diffuse through the skin layer. Other
unwanted gases, like air, are prohibited from diffusion
through the skin layer. In this way, two gases are separated
apart. Since the skin layer is very thin, and the resistance in
the support layer is low, permeability of the whole mem-
brane is rather high. As a result, these membranes are very
promising in gas separation operations, especially under low
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operating pressures which only require minimum energy
costs.

Mass transfer in membranes is the key factor influencing sys-
tem performance. Modeling of mass transfer in membranes has
long been the focus of study. Generally, membranes are around
100 pm in thickness and their structures are highly inhomoge-
neous. Due to this mesoscale nature (um) in dimensions and the
difficulties in treating these inhomogeneous structures, previous
modeling of membrane systems was limited to macroscale. A
literature review found that in the past 20 years, relevant studies
can be classified into following four categories:

1. Single layer lumped parameter model. This approach, a
black box model in nature, was used in most previous simu-
lations of membrane systems.(’*9 According to this method,
mass diffusion in membranes is evaluated by an empirical
lumped parameter effective diffusivity. Empirical models
were summarized to relate the effective diffusivity with
structural parameters. For porous membranes, Fick’s model,
Dusty-gas model, and the Stefan-Maxwell model®*were used
to describe the transport processes inside. For dense mem-
branes, solution-diffusion model'®was used to analyze the
mass diffusion inside. The method is simple and easy to
solve, however, the differences in membrane structures are
neglected. Detailed transport phenomena inside the mem-
brane matrixes are unknown.

2. Two-layer lumped parameter model. This is a step for-
ward. For composite membrane, the whole membrane is
divided into two layers, one porous support layer, and one
dense skin layer. They are cascaded in an analogy to electric
circuits in series. ~'"'? The overall resistance is calculated
by summing the resistance of two layers. With this approach,
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Figure 1. SEM (Scanning Electron Micrograph) of the
cross sections of a composite membrane
with a porous support layer and a dense skin
layer.

(a) whole membrane; (b) an amplified section in the

porous layer. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

Zhang et al."’clarified the roles of the porous layer and the
skin layer in membrane air dehumidification. This method is
in fact a series of two black boxes, so it can be called a two
black-box model.

3. Macroscopic CFD modeling. In studies of porous
media, N-S equations in the matrix are solved to give the
fluid flow and mass transfer profiles inside the structure.
This volume-averaged approach is usually used to obtain
macroscopic properties such as permeability (through
Darcy’s law), and effective diffusivity. Studied porous struc-
tures include packed beds,'*!> sands, and soils.'® Although
popular in common porous media, this approach has seldom
been used in membranes. The reason is that compared to
common porous media, the membrane thickness is very
small (10-100 pm). Though in-plane dimensions are similar
to common porous media, their through-plane dimension is
in mesoscale, which makes the use of macroscale governing
N-S equations not appropriate.

4. Molecular Dynamics Simulation (MDS). This is a micro-
scale approach. Recently, MDS has been employed to simulate
the gas diffusion in porous media. The transport in a nanopo-
rous media was modeled by Monte Carlo simulations.'” None-
quilibrium MDSs were used to investigate the transport
properties of pressure-driven water flow passing through car-
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bon nanotube membranes.'® Although this approach can dis-
close very detailed mechanisms in the microstructures, the
limitation is that the calculation load is tremendously heavy
even for a small fraction of membrane. Therefore, only very
simple homogeneous structures can be approximated.

In a summary, for the transport phenomenon in the meso-
scale membrane structure, appropriate modeling of mass
transfer is still a challenging task. The mesoscale transport
phenomenon requires a mesoscale approach that can reflects
the complex structures in the material.

Lattice Boltzmann simulation (LBM) is just such a meso-
scale modeling approach. From this respect, it provides a
promising alternative. In recent years, LBM has been success-
fully used in modeling the mesoscale fluid flow and heat and
mass transfer in porous media.'® As for membranes, Chen
et al.?*?' modeled the fluid flow and mass diffusion in fuel
cell ion exchange membranes. Similar works were also con-
ducted by Kim and Pitsch.?? Further, Yablecki et al.>* studied
the heat transfer in fuel cell diffusion layers with LBM. These
studies are very instructive. However, in all these studies, the
membranes are only approximated by simple homogeneous
structures. This is not valid with the widely used high-
performance composite membranes. Inhomogeneity in these
structures has made the modeling difficult.

Under this background, in this study, LBM is extended to
modeling of mass transfer in more complex composite mem-
branes. The composite membrane is first reconstructed into
two layers, one porous layer and one dense layer. Then, the
fluid flow and mass transfer in the two structures are mod-
eled. Consequent permeability and equivalent diffusivity are
evaluated. The methodology can disclose some insight infor-
mation that is unimaginable by other microscopic approaches.
The approach is feasible because this mesoscale problem just
requires a mesoscale modeling approach.

Reconstruction of the Membrane Structure

Figure 2 shows a schematic of the cross section of the
composite membrane. It is composed of two layers: the first
layer is a sponge like porous support layer and the second
layer is a denser skin layer. A representing periodic section
in the whole cross section is selected as the calculation
domain, as surrounded by the dashed lines OABC.

Air dehumidification through vapor-permeable membranes
is modeled. Modified PVDF-PVA composite membranes'?
are selected to fulfill this objective. For such thin mem-
branes, heat released at the feed side can be balanced by the
heat absorbed at the permeate side,”* so only isothermal per-
meation processes are considered. Since the skin layer blocks
the transport of air, only water vapor can diffuse in the
membrane. The first layer, OADE in Figure 2, is an inhomo-
geneous porous media. The second layer, EDBC, can be
regarded as a homogeneous solid part, where there are no
macro gas flows. Only vapor diffuses through it.

The microstructure of the porous part depends on the man-
ufacturing process. As observed in Figure 1, the porous part
can be regarded as composing of pores and solid spheres.
The density and the diameter of spheres, by a random distri-
bution, result in different membrane structures. In this inves-
tigation, the cross sectional images of the porous part are
used to reconstruct the porous media for LBM simulations.
The reconstruction is performed by arranging spheres in
such a way that the solid particles follow the stochastic dis-
tribution in membranes. The reconstruction procedure can be
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Figure 2. Schematic of the composite membrane
structure.

The area surrounded by the dashed lines, OABC, is
the calculating domain.

computationally realized by a modified simulated annealing
method.?>2® According to this method, a sphere is adopted
as the unit element. Spheres in a computational domain ran-
domly move to find a structure that satisfies specified statisti-
cal functions representing the solid phase distributions. This
is called the Sphere-based simulated annealing method. The
porous media, the first layer of membrane in this case, is
considered to be of two phases, for example, the solid phase,
and the voids. The two-phase porous media can be described
by the index function

(x,y) is in solid

1
ls(X,Y)Z{ ey

0 otherwise

Because the microstructure of porous media is complex
and random, statistical moments of the index function can be
used to describe the medium. The average of I is the vol-
ume fraction of the solid part. Then the porosity

e=1.0—(I(x,y)) 2

where angular brackets represent an ensemble average. Cor-
relation functions are used to describe the distribution of a
porous media. It is found that a combination of linear-path
and two-point correlation functions is able to reflect both the
intercluster and intracluster information.*’

For statistically homogeneous media, the linear-path func-
tion, S ;;, is defined as the probability of finding a line seg-
ment spanning from (x,y) to distance r that lines entirely in
the solid phase. The linear function is

(Ly=r)/N when 0 <r <L
Sl,ij(f)={ 1 1 ()

otherwise

where N = /N,N,, and N, and N, are the system size pixels

in horizontal and vertical directions. L, is a linear cluster

length, which is selected as 5 times the spheres diameter d..
The two-point correlation function is
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Sa,ii(r) = {Is (x, L5 ((x, y) +7)) “4)

In the sphere-based simulated annealing method, porous
media is represented by a collection of spheres. To gener-
ate the structure, initially, spheres are randomly allocated
in a periodic box with dimensions N, X N,. The radius of
the spheres is assumed to be uniform. The contact
between different spheres are permitted, however, the
overlapping is not permitted. The allocation of spheres
are completed when a specified volume fraction are occu-
pied. After initialization, the spheres are randomly moved
in the periodic box to realize minimum energy. The dis-
placement during random movements can be chosen
arbitrary.

After a random movement, the energy difference AE = E'-E
between the two successive states is calculated, where the
energy or error function is defined by

E= Z akz |Skii(r)=Skij0(r)]> ®)

k=12 rij

where the subscript “0” means the previous step, and ay is
the weight for the linear or two-point functions, r = 0~5d,,
i=1~N,, j=1~N,.

This change of state is accepted with the probability
P(AE)*

1 AE <0

P(AE):{exp (-AE/T) AE >0 ©

where T is a solution parameter that plays the role of tem-
perature in the annealing system. The rate of change for T
is chosen such that a system converges to the minimum
energy (error) as quickly as possible, without being
trapped in a local minimum state. It is suggested that the
initial temperature T, is chosen to give an initial accep-
tance rate of 0.5. Then the temperature cools down at a
rate of

70+ =, 70 @)

where ratio 4; =0.9, and n is iteration step. The iterations
are repeated until the error is less than a tolerance of 10~°.
The implementation of Eq. 6 can be realized in this manner:
the movement is accepted if [P(AE) > random (0,1)].

The above proposed method is used to generate the porous
computational domain OADE. After that, a homogeneous
zone (the second layer) is added to the domain. The com-
plete domain OABC is thus generated. Figure 3 shows a
reconstructed membrane (the calculation domain OABC). In
the figure for the porous part, the diameter of spheres are 5
pixels, and the porosity is 0.50. The equivalent mean pore
diameter is 3.95 pm for layer 1.

The LBM Model
Fluid flow and mass transfer in the porous layer

For porous media, both air and moisture can flow freely
in the pores, if without the blocking effect from the skin
layer. Further, the porous part is assumed hydrophobic, so
chemical reactions between the gases and the matrix are
neglected. The mass transfer problem is a binary miscible
fluid mixture under the condition that the fraction of the
diffusing component, C,, is negligibly small. Generally,
humidity in air is less than 0.02 kg moisture/kg dry air.
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Figure 3. The reconstructed calculating domain for
composite membranes.
It includes two layers: the porous support layer OADE,

and the skin layer EDBC. Zone OABC corresponds to
the dashed area in Figure 2.

Besides, as mentioned, only isothermal mass transfer is
considered. Further, the range of applicability: only physi-
cal forces are considered. Chemical forces in the skin layer
are equivalently converted to physical forces by the equiva-
lent diffusivity.

The two dimensional nine-velocity (D2Q9) model®” is
used in the following calculations, where the physical space
is divided into rectangular lattices. Hereafter, nondimen-
sional variables, which are defined by a characteristic length
Xo, a characteristic particle speed cj, a characteristic time
scale 1y (co = Xolty), a reference density po, and a reference
mass uptake C, (kg vapor/kg dry air) are used. All the
parameters are normalized by these characteristic parameters.
In the following, all the variables are dimensionless and in
lattice scales, unless donated by a superscript “/,” and/or
mentioned with physical dimensions. The nine-velocity
model has the following dimensionless velocity vectors as
shown in Figure 4

[eo.e1,€2,€3,84,€5,€6,67,€5]
o1 0 -1 0 1 -1 -1 1
= (8)
0O 01 0 -1 1 1 -1 -1

The evolutions of the particle distribution functions, f;
(x,1) for the fluid (air and vapor gas mixture) and g;(x, ) for
the diffused species (vapor), with velocity at the point x and
time ¢ are computed by the following BGK collision and
streaming equations”’ 2’

filxteit t+ A —fi(x, 1) =— f—t iD= 0] ©)

v

gi(xteAt, t+At)—gi(x,t)=— g [g,-(x7 N—g(x, t)] (10)
fori=0, 1,2, ..., 8, where Ar is time step; £, and g;* are
equilibrium distribution functions; t, and 1, are relaxation
times. The equilibrium distribution functions are defined
by19 and modified to account for the concentration unit of
C, (kg vapor/kg dry air, if with dimensions)
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N w?
A, 1) =pWw; |14+ 1y LW w 1
frxn=p { 2 2¢t 2¢? (D

N

2
s

e -u
&, 1)=pC,W; {H— - ] (12)
where W; are the weight coefficients, bold variables (like u, x,
J, etc) mean vectors, and ¢y is the lattice sound speed given by

13)

Cs=

> 5

C Ar (14)
where c is lattice speed, and Ax is lattice spacing. In this lat-
tice structure, the spacings in x, y, and time ¢ are all selected
as 1.0, so the lattice speed is 1.0. For the current D2Q9
lattice structure, the weight coefficients are: W,=4/9;
Wia=1/9; Ws_g = 1/36.1927

The density and velocity of the fluid are given by

p=>_f (15)
pu=Zeu€- (16)

The concentration and mass flux of vapor are given by

pcv=Zg,- (17)

Jv=Ze,-g,» (18)

The relaxation time for fluid flow is related to kinematic
viscosity by
)

=40, 1
aa 02 (19

Ty

An expression is given for the relaxation time for mass
diffusion.'” However, it is found in the current study that it
would lead to unrealistic concentration distributions. So a
new expression in a form similar to Eq. 19 is proposed for
mass relaxation time. It is'®

D,
Tm= A +0.5 (20)
Pressure of the fluid
6 2 5
0

3 1
8

7 4

Figure 4. Velocity vectors in a D2Q9 lattice model.
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Mass Diffusion in the Skin Layer. Only moisture can
transfer in the skin layer. Solution-diffusion is the mecha-
nism for gas transfer in the dense solid membranes. Accord-
ing to this mechanism, moisture diffuses in an “adsorbed
phase,” or “water phase,”’which is in equilibrium with gas
phase by the following equation

Cw=K,C, (22)
where C,, is uptake of water in membrane (kg water/kg

membrane), K, is partition coefficient.
Moisture diffusion is governed by

OCy oC, aC,
Jv=puDwm W :PprDwm W =p.De2 g (23)
K,D
D= Frtpmm (24)
Pa

where Dy, is water diffusivity in membrane (the second
layer), D, is the equivalent vapor diffusivity in the mem-
brane (the second layer). p, is air density in the hypothetic
space of layer two, which can be selected as the constant p.
From Eq. 23, water diffusion in this layer can be regarded
as an equivalent vapor diffusion with diffusivity D.,. So the
LBM model proposed in above sections for the first layer
can also be used to predict moisture diffusion in the second
layer, if D, is replaced by D.,. Then
DeZ
Tm2 A +0.5 (25)
At this step, the water diffusion is converted to equivalent
vapor diffusion in this homogeneous “void” space.

Boundary conditions

In LBM simulations, distribution functions rather than
macro variables are required on the boundaries of the calcu-
lating domain. For the composite membrane with skin layer,
there will be no macro flows in the matrix. In this case, only
mass boundary conditions are required. However, for a more
general purpose, and also for model validations, boundary
conditions for both flow and mass transfer are provided here.

Fluid flow in porous media

If the skin layer in Figure 3 is removed, and the mem-
brane is operated under pressure (density) differences, there
will be macro flows inside. At the inlet face OA in Figure 3,
where the inlet density is known, the boundary conditions
proposed by Zou and He® is used, which are based on an
idea of bounce back of nonequilibrium part of the distribu-
tion. According to this concept, for the inlet face OA, the
macro variables of the boundary conditions are: p = p;,,
uy,=0. At the inlet face after streaming, fi, f5, f3 are
unknown, and other functions are known. Then based on
mass and momentum balance equations of Eqs. 15 and 16,
macro velocity in x axis is calculated by

+hHf 2+ fst
szl_fo Ltfat2(fs+fetf7) 26)
Pin
By bounce-back the nonequilibrium part of f3

(= f1=F 1Y, fi is expressed as™
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2
h=fH+ 3 Pinllx 27

Then other two functions can be obtained by momentum
balance

1 1
F5=h= 5 (h=fa)+ ¢ Pt (28)

1 1
f8:f6+§(fz_f4)+ g Pinitx (29)

For the upper corner point on the inlet face (point A), fi,
f4, fs, f7, fs are unknown. The boundary conditions at the
upper surface AB are symmetric, so at point A, f;=/f,,
f7 =f6. Other functions can be calculated by Eqs. 26-29.

Similarly, for the lower corner on the inlet face (point O),
f1. f2 fs» fe, fg are unknown. The boundary conditions at the
lower surface OC are symmetric, so at the lower corner of
the inlet face, f> = f4, fo = f7. Other functions can also be cal-
culated by Egs. 26-29.

At the outlet boundary of ED in Figure 3, fully developed
boundary conditions are assumed. Then, the distribution
functions are set to those of the neighboring interior nodes

[ =fD (30)

where N, is the nodes at the outlet face, and N, — 1 is the
neighboring interior nodes.

As have mentioned, the upper wall AB is a symmetric
boundary, then on this surface, the unknown functions are
calculated by fi =f>, f7=fs, fs =fs. Similarly, at the lower
surface OC, the three unknown functions are calculated by

L=l te=1 =1

Interior solid cells

On the surfaces of the solid cells in the porous media,
bounce-back scheme is used to achieve the nonslip boundary
conditions. To alleviate the influences of inlet and outlet
flow, additional 30 nodes are added before and after the
membrane domain. Inlet and outlet boundaries are exerted
on the extended inlet and outlet surfaces.

Mass transfer boundary conditions

At the inlet and outlet, constant mass fractions are
assumed. The distribution functions are evaluated from mac-
roscopic concentrations. The operators that reconstruct the
distribution functions in the LBM from macro parameters
are required. The distribution functions are described up to
the first-order nonequilibrium terms.

Here, we have developed an algorithm to transfer the
macro concentrations into concentration distribution func-
tions with a scheme similar to*’

gi=g +gl" (€2

The Chapman—Enskog expansion is applied to the lattice
Boltzmann equation, then the first order of nonequilibrium is
described by

eq eq
W—_ A g 800G 8 9(pCy)
8 Tm ix pCV Ox iy ,OCV ay
+ Wipcv Ui,\'eiy % n Wipcv Uiyei,\' % _ggq 8”)&
c? Ox c? dy °' Ox
eq OU 0 0
g 6_; —W,Cyeir a—i —W,Cyes, 6—5 32)

where
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Uiy=ei,—u, (33)

and here oo =x, y.

The detailed procedure for deduction of the first-order
nonequilibrium part of distribution function can be found in
Appendix A.

First and second layer interface

At the interface between the first layer and the second
layer, DE in Figure 3, conjugate mass transfer boundary con-
dition is exerted. That means at the interface, the mass frac-
tion (mass continuity) and the mass flux (flux continuity) in
layer one equal to those in layer two, respectively, or,
Cy1 =Cy; and J,; = J,,. For layer one, at the interface DE,
g3, &6 and g7 are unknown. For layer two, at the interface
DE, g1, gs, and gg are unknown. From Eq. 17, following
conservation forms are obtained

g+ teh=p"Coi—gi—gi—8i—gi—g5—sx (34

et = Co—g—8 8888 (35
where superscript “p” and “s” refer to first layer (porous) and
second layer (skin) side, respectively. For the interface in the
composite membrane, macro velocity u, = 0, therefore, based
on Eq. 18, following conservation forms can be obtained

Ji=g+gi+gi—88—g5—¢) (36)
J=g1 8583838 % @37
Adopting a technique similar to,'? two sums of the unknown

functions, gP and g}, are introduced. It is assumed that the
unknown functions are allocated based on their weights, or

=Wsgl, gt=WegP, gh=W;gP, and gY=W,gP,

85=Wsgl, gi=Wsg} (38)
then it has
S+ tei=(Ws+We+Wy)gh (39)
g e tg =W +Ws+Ws)g’ (40)

Considering Cy; = C,, subtracting Eq. 34 by 35, and then
substituted by Eqs. 39 and 40 gives

(Wa+We+Wy) (Wi +Ws+Wy)
PP P’
__ (h+el+eb+ei+ai+al)
&= 41
pp
ST +E+E e tey)
pS

pP_
St

L
Considering J,; = Jy2, subtracting Eq. 36 by 37, and then

substituted by Eqs. 39 and 40 gives
(W3+We+W7)gh+(Wi+Ws+Ws)g =gl +g5+g8 +83+85+83
(42)

Solution of Eqgs. 41 and 42 will have the following equa-
tions for gP and g}
€1
pp+ps)(W3+W6+W7)
cr=—p*(s0 81 +g5+gi+85+sk)
+oP (g5 +esTait2(s3Teatas) el +as+al]

= ( (43)

(44)
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C2
(pP+p) (Wi +Ws+Ws)

S —

8

(45)
=—pP(gh+e3Teiteiteits))
+p* g0 +b+eh+2(gh+gh+gk) +ei+ei+ ]

At this step, the unknown functions can be calculated by
Eq. 38.

(46)

Performance indices

When the mass concentration and fluxes are calculated
and known, transport properties can be calculated. Perme-
ability of the membrane is calculated by partial pressure
difference

P Jyov
o=
A(pCy)

where ¢ is membrane thickness in lattice unit; and A(pC,) is
the partial pressure difference across the membrane.
Effective diffusivity of the membrane
Jyo

De= -0 48
ApC.) @)

(47)

where A(pC,) is the concentration difference across the
membrane. It should be noted that this value has already
considered the effects of porosity and tortuosity, two empiri-
cal parameters often encountered in membrane analysis.

For porous membranes, established theories governing the
transport of gas in pores are Poiseuille flow and Knudsen
diffusion. An index for which mechanism is dominant is the
Knudsen number defined by

A Ma |n=
Kn=2v="92 [117 4
" d, Re 2 “49)

where 4, is the mean free path of the diffused gas, and d, is
pore diameter in membranes; r; is specific heat ratio of diffused
gas, which is 1.4 for air and 1.34 for vapor. Ma (= uy/cs)
and Re (= umdy/v) are Mach and Reynolds numbers,
respectively.

When Kn <0.01, Poiseuille viscous flow is dominant. The
Bulk velocity through a pore is’'

d’Ap,
=_P " 50
= 325C 00 (50)
Considering equivalent diffusion equation
A(pC
Jy=pumCy=D, (’)5 ) 1)
Then the equivalent Poiseuille diffusivity is calculated by
d2 (,'2
D,=2>" 52
P32y ©2)

When Kn> 10, Knudsen diffusion is dominant. Knudsen
diffusivity is calculated by*'

dyes |8
D=2 [ 2 (53)
3 T

Dimensional physical properties

In engineering, it is more direct to use the parameters
with dimensions. The above variables are in lattice units or
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dimensionless. They are converted to real physical parame-
ters by the following relations

p'=p-py (54)
8'=d-xp (55)
!=t-ty (56)
u'=u«x—0=ucl (57)
to
C,=C, - Cy (58)
/ X
T.=1, - pocot—:)’ (59)
2
y=y20 (60)
to
Diffusivities
2
p'=p™0 61)
To
2
’ X,
D,=D. Z—;’ (62)
Pé'=Pe - x2 (63)

Solution procedure

For each simulation, grid independence test is done to
ensure the final results are insensitive to grids resolution
(grid dependence < 10 7). A 226 X 80 resolution is selected
for membranes. Then simulations are performed on the grids
structure selected. The procedures include:

1. Membrane preparation. Porous PVDF membranes are
first made and characterized as described in.'*> Their SEMs
are observed to know the internal structures. Membrane
parameters like porosity, thickness are measured. After the
membranes are fabricated, their permeability is measured in
a FLEC system built in our laboratory,32 where the operat-
ing conditions are designed to let the Poiseuille flow domi-
nant. Then, the effective pore diameters for the porous
membranes are evaluated by the relations between pore
diameters and permeability, Eqs. 50-52. This is the test
data, with an accuracy *2%. Then, a modified PVA skin
layer is coated on the porous support membrane.'® The
composite membrane is characterized. The properties like
the thickness of the skin layer, partition coefficient and
density are measured.

2. Porous media reconstruction and grid generation.
With parameters determined in step (1), the equivalent
porous media matrix for first layer is reconstructed by the
simulated annealing method described in previous section.
Then without a skin layer, transmembrane pressure differ-
ences are exerted on the porous membranes, and the flow
fields and concentration fields are modeled. The effective
pore diameters for the porous membranes are calculated. If
the calculated pore diameters differ from the tested data
(relative error larger than 107%), the diameters of the
spherical cells used to build the porous media are revised.
Step (1) is reperformed and the structures are rebuilt. The
procedures stop until the predicted data agrees with the
measured data.

Then numerically a homogeneous “blank” second layer
is added to the first layer. The composite membrane is
thus formed. Two blank buffer zones are added before
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and after the membrane domain to comprise the whole
calculating domain. The blank buffer zones are not
shown in the subsequent figures. Grids are generated on
the calculation domain. By the definition of characteristic
scales, the real physical units are all converted to lattice
units.

3. Initialization. On the reconstructed domain, initial
parameters are set: p, u, Cv, v, D, and t,, 7,,,; Time steps for
velocity and concentration calculations may be different
depending on the values of viscosity and diffusivity. Initial
distribution functions are set as the equilibrium functions
calculated by Egs. 11 and 12.

4. Composite membrane calculation. Collision-streaming
is performed across the whole domain for concentration
functions calculations, with Eq. 10. Boundary conditions are
incorporated to calculate the functions at boundaries and
interfaces. Concentration and mass fluxes in the two layers
are calculated by Eqgs. 17 and 18. Then the equilibrium func-
tions are recalculated. At last, go forward to the next time
step. These steps are repeated until steady state conditions
are reached with the results between two consecutive itera-
tions are less than 107’ The calculation is second order.
After fluid flow converged (with only the first layer), mass
concentrations are calculated.

5. Transport data. With the calculated concentration
fields, performances are calculated with Eqs. 47-53. The
data are further converted back to real physical units by
Eqgs. 54-63.

Results and Discussion
Methodology verification

Flow and Mass Transfer in a Parallel-Plate Channel.
Prior to solving the mass transfer problem in composite
membranes, the numerical procedure is validated first.
Flow and mass transfer in a parallel-plate channel, shown
in Figure 5, is one of the most well-established benchmark
for numerical validation. In the figure, AB is duct inlet,
and CD is duct outlet. AC and BD are two neighboring
plates, between which air flows. Duct height is H, and the
consequent hydrodynamic diameter is 2H.

In this section, the proposed LBGK procedure is applied
to the flow and mass transfer in the parallel-plate channel.
Two buffer zones are added to the channel ABDC before the
inlet and after the outlet to form the whole domain. Rectan-
gular grids with a resolution of 480 X 40 are generated. Sur-
face AB is set to density inlet boundary condition, and CD
is set to fully developed outlet flow boundary condition, as
described in above sections. Bounce-back conditions rather
than symmetric boundary conditions are exerted on plates
AC and BD to realize a nonslip flow. When the pressure dif-
ference across the channel is small enough (incompressible),
a Poiseuille flow is realized.

For mass transfer, constant concentration boundary condi-
tions are set for inlet surface AB (C, ;, = 1.0) and two plates
AC and BD (C,y =0.5). Fully developed mass transfer
boundary conditions are set for the outlet face CD. As seen,
this is a uniform wall mass concentration boundary condition
for channel flow. The collision and streaming processes are
also implemented at the grids on the wall surfaces. The
method is second-order accuracy.

For channel flow, following parameters are defined:

Reynolds number
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Figure 5. Flow in a parallel-plate channel.

AB, inlet face; DC, outlet face; AC and BD, duct wall
surfaces. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]

_ 2uinH
v

Re (64)

where u;, is the mean velocity at inlet. Friction factor is
defined by

2H AL
fr= lpﬁ (65)
2 in
Sherwood number
2kH

where k is convective mass-transfer coefficient calculated by

D A(pCy)
k=— 67
(pCV)m_(pCV)w ay y=0 ( )

where (pC, )y, is the bulk mean concentration at a duct cross
section.

When Poiseuille flow is created in the parallel channel,
there is analytical solution for velocity profiles. It is a para-
bolic expressed by>>

__OpH* [y Y
= az—pv(ﬁ 0 (68)

Figure 6 shows the parabolic distribution of axial veloc-
ities across the channel cross section under Ap = 0.05. Both
the analytical solution and the LBM simulated values are
plotted. As seen, the prediction is very satisfactory. Maxi-
mum deviations are less than 1%.

For laminar flow in duct, the product of friction and Re is
a constant. The simulated (f‘Re) is 96.07, which is very close
to the data (fRe =96.0 for parallel plates duct) provided
in.** Therefore, fluid flow is predicted very well by the cur-
rent procedure.

Mass transfer in the channel is also calculated. Calculated
mass fraction contours and flux vectors are plotted in Figure
7. Operating conditions are Re = 127. As seen, the profiles
propagate along the flow with mass exchanging between the
fluid and the two plates.

For fully developed laminar flow in duct under uniform
mass concentration boundary conditions on walls, local Sher-
wood number is a constant, Nu = Sh = 7.54.34% Calculated
Sherwood number in this case is 8.05, a value closer to the
fully developed value. This also indicates that the flow is
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Figure 6. Transverse velocity of Poiseuille flow across
the duct cross section at Ap = 0.05, simulated
and analytical solution.

nearly fully developed. As seen, both fluid flow and mass
transfer are verified.

Pure Diffusion in a Rectangular Duct. Besides fluid flow
and mass transfer in a parallel-plate channel, the procedure
is also used to predict the effective mass diffusivity in a rec-
tangular duct with no macro velocity. The simulated duct is
similar to the channel shown in Figure 5. Fluid velocity is
set to zero throughout the duct. Density throughout the duct
is set to p = 1.0. The inlet concentration at surface AB is set
to Cyin=1.0, and outlet face CD is set to Cy o, = 0.01.
Boundaries AC and BD are set to symmetric boundaries.
Vapor diffuses in the duct with a physical diffusivity
D, =2.825%10"° m?s. Since there is no macro velocity in
the cavity, the mass transfer is pure diffusion. For this sim-
ple object, the governing equation and its analytical solution
for

2C, _
ox?

0, withCy=Cy ;, atx=0; and C,=C, oy atx=L (69)

and

100 =

]

y (Lattices)
3

25

x (Lattices)

Figure 7. Mass flux vectors (red arrows), and concen-
tration contours (blue lines) of duct flow at
Re =127. C,;,=1.0, C,,, = 0.5.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 8. Comparisons of axial concentration distribu-
tions in the duct shown in Figure 5.
The macro velocities in the duct are set to 0. Other

boundary conditions: AB, inlet surface; CD, outlet sur-
face; AC and BD adiabatic surfaces (no mass flux).

x+Cyin (70)

respectively.

The LBM calculated concentration distributions and the
analytically obtained concentrations are both plotted in Fig-
ure 8. As seen, the simulated matches the analytical very
successfully. The profiles are exactly linearly developing
from the inlet to the outlet, as governed by Eq. 70. The max-
imum differences between the calculated and the analytical
solution are less than 107>, A further step is to evaluate the
effective diffusivity calculated by LBM. The calculated
effective diffusivity from Eqs. 48 and 61 is 2.817 X 1077
m?/s, a value very close to the diffusivity of vapor in air
(2.825%107° m%/s) that is used in the estimation of Eq. 20.
At this step, the procedure is verified again.

Fluid Flow and Mass Transfer Through the Porous Layer.
The porous support layer only provides mechanical support.
All gases can permeate through it. If operated under pressure
differences, macro fluid flows will exist. To study its mass
transfer properties in this case, the skin layer is not added to
the first layer first. Only the first layer is modeled.

Six porous membranes are simulated. Their structural
characteristics are listed in Table 1. They are the PVDF
membranes made. The porosity and thickness are character-
ized first. After permeability tests,*” the mean pore diameters
are deduced. These are the measured data. Then the porous
media is reconstructed and LBM is performed. After the cal-
culation of fluid flow and concentration profiles, the perme-

ability is calculated. The mean pore diameters are then
obtained. They are the calculated pore diameters. If the cal-
culated deviates from the measured data, reconstruction is
reperformed with revised spherical cell diameters. When the
measured and calculated mean pore diameters are in agree-
ment, performance is evaluated. The characteristic parame-
ters for the simulation are: 7o = 1.0X107% s; xy = 5.0x10"’
m; po=12 kg/m’; C,,=0.02 kg/kg. Other properties are
selected to those of moisture and air at 20°C.

Flow and concentration fields are calculated. Figure 9
shows the macro velocity vectors in MEM 5. As seen, the
flow is rather inhomogeneous. Most of the fluids flow in the
cavities in the membrane. Figure 10 shows the mass flux
vectors inside the membrane. The pattern is very similar to
that of fluid flow. Concentration contours in the matrix are
plotted in Figure 11. The concentration gradients are very
small in places where the solid cells are distributed sparsely,
while they are steep in places where the solid cells are
densely populated. Observing form these figures found that
the effects of heterogeneity are obvious. The fluid flow and
mass transfer are rather inhomogeneous even in such seem-
ingly homogeneous porous membranes. However, generally,
all the isolines are nearly vertical to membrane thickness,
meaning nearly all mass transfer is in axial directions. Mass
transfer in thickness is more prominent than that in other
two dimensions. These features cannot be disclosed with
common macroscopic numerical methods. The benefits with
LBM are straightforward: it can disclose pore scale details
inside the membranes.

The permeability and effective diffusivity are calculated
with the concentration fields and are listed in Table 1. Also
the measured permeability is listed. As seen, the calculated
and measured permeability are in good agreement.

For different membranes, a general trend is that the higher
the pore diameters and porosity are, the larger the effective
diffusivity is. The resulted permeability is also higher. Based
on the range of Knudsen numbers (0.01<Kn<10), the domi-
nant mechanisms are neither Knudsen diffusion nor Pois-
euille flow, but a combination of ordinary diffusion and
Poiseuille flow. The final effective diffusivity is larger than
ordinary diffusivity, as a result of macro fluid flow. From
Table 1, it is also observed that the current Peclet number
(Pe = ud,,/D) is around below 10, so both Poiseuille convec-
tion and diffusion are dominant in mass transfer. When the
Peclet number is higher than 10, Poiseuille flow will be
dominant and the diffusion term can be neglected. In a sum-
mary, such membranes have high permeability due to high
porosity and large pore diameters.

Mass Transfer in the Composite Membrane. Now the
skin layer is added to the porous layer. The whole membrane
structure has been depicted in Figure 3. Because air is blocked

Table 1. Simulated Results for the Porous Membranes Under Pressure Difference

Parameters MEM 1 MEM 2 MEM 3 MEM 4 MEM 5 MEM 6
8y(um) 108.1 110.3 105.8 111.5 106.4 108.1
& 0.51 0.50 0.54 0.71 0.71 0.69
dyy (um) 4.55 3.95 452 5.35 6.55 9.9
Aplpo 0.05 0.05 0.05 0.05 0.05 0.05
Kn 0.152 0.175 0.152 0.129 0.105 0.304
Peclet number 0.006 0.004 0.005 0.009 0.016 0.056
Pe, permeability 6.44 4.88 6.40 8.94 13.41 30.63
(calculated, 10"3m’2)

Pe (measured, 10™°m™?) 6.87 5.12 7.23 9.45 12.88 32.66
Do (107> m%s™ 1 3.86 2.56 3.35 4.69 7.03 16.07
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Figure 9. Macro velocity vectors inside the porous
membrane MEM 5.
Transmembrane pressure difference Ap =0.05. Pore
structure, & = 0.71, d,; = 6.55um. [Color figure can be

viewed in the online issue, which is available at wileyon-
linelibrary.com.]

by the skin layer, only moisture can permeate through the
composite membrane. There are no macro fluid flows inside
the whole membrane. So in the modeling, macro velocity is
set to zero, and density is set to 1.0, throughout the membrane
lattices. Only mass transfer is simulated by LBM. The outlet
boundary condition C,,, = 0.1 is exerted on surface BC in
Figure 3. Surface DE becomes an interface, where conjugate
boundary conditions are exerted. The skin layer material is a
modified PVA." Physical properties are: partition coefficient
K, =25, water diffusivity Dy,=3.6X10""" m%s, density
pm =800 kg/m’. Other operating conditions are similar to
before.

The calculated mass flux vectors and concentration con-
tours are plotted in Figure 12. In this figure, the porous sup-
port layer selected is MEM 6 in Table 1. The skin layer
thickness is 2.5 pm. The mass fluxes are inhomogeneous in
the support layer, but relatively uniform in the skin layer.
The mass concentration and fluxes are continuous at the
interface, meaning conjugate boundary conditions are satis-
fied. Since mass can only diffuse in the cavities of the first
layer, the higher the porosity and pore diameters are, the bet-
ter the composite membranes perform.

v (lattice)

0 50 100 150 200

x (lattice)

Figure 10. Mass flux vectors (J) inside the membrane
with only the porous layer.

Transmembrane pressure difference Ap =0.05. Pore
structure, & =0.71, d,; =6.55 pm. [Color figure can
be viewed in the online issue, which is available at
wileyonlinelibrary.com.]
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¥ (lattice)

x (lattice)

Figure 11. Concentration profiles inside the membrane
with only the porous layer.

Transmembrane pressure difference Ap = 0.05. Pore
structure, & = 0.71, d,; = 6.55um. [Color figure can be
viewed in the online issue, which is available at
wileyonlinelibrary.com.]

Porous membranes generally have high porosity and large
pore diameters, their permeability is high. The dominant
resistance is in skin layer. Traditionally, decreasing the skin
layer thickness is a key measure in optimizing performances
of composite membranes. The effects can be seen in Figure
13, where the effects of skin layer thickness on composite
membrane performances are depicted. A D, value of
1.41x10~ "2 m%/s is used, which is for the traditional hygro-
scopic material before modifications.”'> The consequent
equivalent vapor diffusivity in the second layer D.,, the
equivalent vapor diffusivity of the whole membrane D., and
the skin layer to whole membrane resistance ratio (o, = 1o/
o) are plotted for comparison. As seen, the equivalent
vapor diffusivity in the skin layer does not change. Not sur-
prisingly, the resistance ratio of layer two increases with its
thickness. When the skin layer thickness is beyond 2 pm, it
would account for 50% of the total resistance. Therefore,
ultrathin skin layers should be prepared if the diffusivity of
skin layer material is not high.

Porous support layer

B

Skin layer

v (lattice)

x (lattice)
Figure 12. Mass flux vectors (J, the red vectors) and

concentration contours (the blue lines)
inside the composite membrane with a
porous layer (OADE) and a skin layer
(EDBC).

The first layer is MEM 6, 6; =108.1 pum, & = 0.69,
dy,1=9.9 um. The second layer, 6, =5um, Dy, =3.53
x 107" m? s, [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.
com.]
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Figure 13. Effects of skin layer thickness on equivalent
diffusivity and resistance ratio.

The first layer is MEM 2, 6, = 110.1 um, ¢ = 0.50, d,; =
3.95 pm. The second layer, Dy,,,, = 1.41 X 1072 m?s7 1,

In previous analysis, black box models are used to clarify
resistance. According to this method, the total resistance is
expressed by

o 02
=ri+tn=—+—-— 71
Fa=nAn=p ot (71)
where D, is the effective diffusivity of the porous layer.
The overall effective diffusivity is calculated by

o1+90
De=—"1"2 (72)

T'tot

Subscript ‘s’ here refers to ‘series’ because it is also called
the series model. The calculated effective diffusivity by the
series model is also plotted in above Figure 13. As seen, the
series model deviates the LBM calculation to some extent. The
larger the skin layer thickness is, the larger the deviation is.

Another alternative to enhance mass transfer is to modify
skin layer materials to have an increased diffusivity. This
can be done by either increasing Dy, or increasing K, (the
solubility).
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Figure 14. Effects of water diffusivity in the skin layer
on equivalent diffusivity and resistance
ratio.

The first layer is MEM 6, 6, =108.1 pum, & =0.69,
dy1 =9.9 um. The second layer, 6, =35 pm.
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Figure 15. Effects of water diffusivity in the skin layer
on equivalent diffusivity and resistance
ratio.

The first layer is MEM 2, 6; =110.1 pm, & = 0.50,
dy1 = 3.95 um. The second layer, 6, =35 pm.

Figure 14 shows the effects of water diffusivity in the skin
layer on the performances. Figure 15 shows a similar graph,
but with a different porous support layer. From these two fig-
ures, it is seen that the higher the water diffusivity in the skin
layer is, the less the resistance ratio of the first layer is. The
ratio decreases quickly when Dy, is from 1072 to 1071 m?%s.
With the modified PVA skin layer13 with a D,,,, value of 3.6 X
10~"" m?s, it accounts for less than 30% of the total resistance.
To increase the diffusivity or solubility of the skin layer is a
more effective way to augment mass transfer.

When the skin layer is improved, the porous support layer
also plays dominant roles. As seen from above two figures,
with the modified material and a more porous support layer
of MEM 6, the resistance ratio is around 0.3. When a less
porous support layer of MEM 2 is used, the ratio is about
0.18. It indicates that the dominant resistance now is in
porous layer side. So besides selecting skin layers of high
permeability, more porous support layers should be used.

The skin layer, though very thin, plays a leading role in
the overall performances of the composite membranes.
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Figure 16. Contours of water uptake (kg water/kg
membrane) in the skin layer.

D.,/D, = 0.5. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]
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Figure 17. Contours of water uptake (kg water/kg
membrane) in the skin layer.
D.,/D, =0.01. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.
com.]

Previous macroscopic CFD software can hardly be used to
evaluate the transport details in this layer. Now with this
mesoscale methodology, the effects can be studied.

To see the transport phenomena in the skin layer more
clearly, concentration contours in the second layer have been
plotted in Figure 12. However, they are not the “real” con-
centration contours in this dense material. They are the
“hypothetic” moisture concentrations which are in equilib-
rium with the real water uptake in the material. To see the
real distribution of water uptake, calculated equilibrium
moisture concentrations are converted to water uptake by the
partition coefficient. The contours are seen in Figures 16 and
17 for two skin layer materials, one with a high equivalent
diffusivity (Dep/D, =0.5) and another with a low equivalent
diffusivity (De,/D, =0.01, which is common in traditional
water-permeable materials>'3-%).

From these two figures, it is seen that the distributions of
water in the skin layer are in fact inhomogeneous as well. The
higher the diffusivity is, the more serious the inhomogeneity
is, which would compromise the whole membrane effective
diffusivity. This nonuniformity is resulted from the nonuniform
distributions of moisture concentrations in the first layer. The
inhomogeneity in the skin layer also explains the reason why
the series model overpredicts membrane performance.

Above analysis discloses that mass transfer in the compos-
ite membrane is a close interaction between the porous sup-
port layer and the skin layer. For the traditional materials
with relatively low diffusivity, dominant resistance is in the
skin layer. Though to decrease the skin layer thickness is
effective, to modify the materials is more influential to aug-
ment mass transfer. For the modified materials, either by dif-
fusivity or by solubility, dominant resistance would return to
the porous part. Two layers should be optimized together.
This LBM study provides some new guidelines for future
performance optimization of composite membranes.

Conclusions

Composite membranes are the most important class of
membranes for gas separations. The mesoscale nature of the
transport phenomena in the membrane, and the complexity
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in membrane structures, make the modeling of mass transfer
inside the structure a difficult task. The traditional black box
modeling approach gives no detailed information inside.
This study uses a new approach, LBM simulations approach.
The whole membrane is separated into two parts with dis-
tinct different structures. Fluid flow and mass profiles are
calculated to estimate the overall performance. The results
can be found:

1. The proposed methodology can model pore-scale fluid
flow and mass transfer satisfactorily. Appropriate boundary
conditions are proposed, especially for membranes with
layers of different transport mechanisms. They are connected
by an interface with mass and flux continuity.

2. For solely the porous membrane under transmembrane
pressure difference, the dominant mechanism is combined
Poiseuille flow and ordinary diffusion. The permeability is
high due to macro fluid flow. With such support layers, the
dominant resistance is in the skin layer with unmodified
materials. Increasing the equivalent diffusivity of the skin
layer, by diffusivity or by solubility, is more effective than
decreasing its thickness to augment mass transfer. Design
guidelines should be changed from optimizing skin layer
thickness to modifying compositions of the skin layer.

3. The LBM simulations disclose the nonuniform distribu-
tions of mass transfer inside the composite membrane both
in the porous layer and the skin layer. Traditional black box
series model over predicts the membrane performance, espe-
cially with skin materials of high diffusivity, because the
mesoscale inhomogeneity cannot be disclosed with the tradi-
tional macroscale approach.
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Notation
C = mass concentration/uptake, kg vapor/kg dry air
¢ = speed, m/s
specific heat, klkg ™' K™
pore diameter, m
diffusivity, mz/s
vector
distribution function for density
distribution function for concentration
convective heat-transfer coefficient, kWm 2K !
index function for porous media
mass flux, kgm_2 s !
convective mass-transfer coefficient, ms
partition coefficient, kg water/kg material/kg moisture/kg dry air
length, m
Mach number
number of pixels
Nusselt number
pressure, Pa
permeability, m?
Prandtl number
specific heat ratio
resistance, sm~!

1

:;:,U;P"% 5255%»\?&%\@ O
L | | | | | | | | | | | | | | | | | | O

~

Re = Reynolds number
S = function for porous media
Sc = Schmidt number

Sh = Sherwood number
T = temperature, K
t= time, s
u = velocity, ms™'
U = velocity difference, ms ™!
= weight coefficient
x = coordinate, m
y = coordinate, m
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Greek letters

p = density, kgm -

3

&= porosity

0 = thickness, pm
o= weight

A = ratio

7 = relaxation time

v = kinematic viscosity, m2s”

1

mean free path of vapor, m
angle, rad

Superscripts

!

= variables with physical units

eq = equilibrium
p = porous layer
s = skin layer

Subscripts
0 = characteristic variables
c= cell
e = effective
= heat
in = inlet
K = Knudsen
m = mass, mean, membrane
O = ordinary
out = outlet
P = Poiseuille
s = solid, sound
tot = total
Vv = vapor, viscosity
w = wall, water
o = direction, x or y
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Appendix A: Deduction of First-Order
Nonequilibrium Part of Distribution Function

Here, we develop an algorithm to transfer the macro concentra-
tions into concentration distribution functions with a scheme
similar to®°

gi=g'+gl" (A1)

i

The Chapman—Enskog expansion is applied to the lattice Boltz-
mann equation, the first order of nonequilibrium is described by

eq eq eq

W ar (984, 08, 08 A2

8 Tm ( o Tew g e Dy (A2)

Published on behalf of the AIChE DOI 10.1002/aic 3937



The time and special derivatives of the equilibrium distribution d(pC,) _ I(pC,)ux _ I(pC,)uy A9
function of Eq. A2 are replaced by the derivatives of the macro- or Ox dy (A9)
scopic variables as
. c c c O __,, O, Ouy 10p (A10)
8giq agiq d(pCy) 6giq Oy ag,’q Ouy ot * ox *dy  pox
- + + 88T (A3
gt 9(pCy) Or Ouy Ot Ouy Ot %:_M O, . duy, 10p AL
ogit gt 9(pCy) N 0g;1 Ouy N g Ou, (Ad) ot Yox Y9y poy
ox  O(pCy) Ox Ouy Ox — Ouy Ox Substituting Eqs.A3-All into A2, the first order of nonequili-
8¢ 9™ A(pC,) | g™ u, N 0g:" Ouy (A5) brium is given from the macroscopic variables as
dy  9(pC,) 09y Ou, 9y  Ouy Oy o g% A(pCy) g% 9(pCy)
8= TmAt . Uix E) iy )
The equilibrium distribution functions differentiated by the mac- pCy  Ox pCy Oy
roscopic variables, from Eq. 12, are n WipCy U, e;y % n WipC,U,yejy % e Ou,
eq 2 Ox 2 dy 8 Bx
Osi__ 1 g (A6) ou, 9 o
ApCy)  pC g1 WiChen 5t ~WiChey 5 (A12)
gt 1 Y * Y
2! :W,' Cv — €ix A7
Ou, P (C% ¢ ) (A7) where
dg1 1 Ui, =eiy— 1, (A13)
B =WipC, (= eiy A8
auy iP Cg €Ciy ( )

where ¢;, is the shadow of e; on x axis. The first-order deriva-
tives of mass fraction continuity and the momentum continuity
(macroscopic N-S equations) are

and here oo =x, y. Then at last, the distribution functions at the
inlet and outlet are calculated by Eq. Al.
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